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Notations: U = {2 : |z| < 1}, H(Q) is the space of holomorphic functions on
the region 02, C(X) is the space of continuous functions on the compact space
X, v* is the range of the path +.

1. Does there exist a non-constant entire function f such that |f(:3)‘ <
1 + |z| for all 27 [15]

2. Prove that if 7 : [0,1] — C is a continuously differentiable then f(z) =

/"(O d( defines a holomerphic function on C\v* for any continuous function g

P

on y*. [15]
3. fe C(U)NH(U) and |f(z) — 1 — 22| < 1 for |z| = 1 prove that f has
a unique zero in U. [10]
4. Let z, € C\{0} for all n. Prove that H zp, converges if and only if
=l
Z Log(z,) converges. [15]
m—

5. Let f and g be entire functions, €, A € (0,00) and 1 < |f(2)| < [g(2)| |2 s
for |z] > A. Prove that the sum of the residues of % at all its poles is 0.
[15] |

6. Let 2 = {z : Re(z) > 0}. Give an example of a bijection from Q onto U
which is bi-holomorphic. Is it possible to find a continuous bijection from 2 onto

U which is holomorphic in € and maps Q2 onto U? [12+3]
7. Evaluate /(Z‘fﬁaa where () = 4e*™(0 <t < 1). [10]
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8. Evaluate / 7dx by the method of residues. [Exact value need not be

0
computed] [15]



